HOMEWORK II (DUE DATE: 10/04/2023)

Exercise 1 (2 points). Find the Green’s function for Au = 0 on the following
domain €.
(1) {(z,y) eR? : —c0 < 2 < 00,0 < y < 0}.
(2) Q={(z,y) eR?:0< 2 < 00,0 <y < o0}
Exercise 2 (2 points). Find the Green’s function for u; — Au = 0 on the following
domain €.

(1) Q={zeR:0< 2z <}

(2) Q={(z,y) ER?:0< 2 < 00,0 <y < x}.

Q
Q

Exercise 3 (2 points). Solve the following problems:

O {ut(t,a:) = uge(t, ) + u(t,z), (t,z) € (0,00) x R,

u(0,x) = ¢(z), z € R.
(2) u(t, x) = uza(t, ) + usg(t, ), (t,2) € (0,00) X R,
u(0,z) = ¢(z), x eR.

Exercise 4 (2 points). Let u € C%2((0,00) x (0,1)) N C([0,00) x [0,1]) be the
solution to the following problems,

ur(t, ) — Uz (t,x) =0, (t,2) € (0,00) x (0,1),
u(0,z2) =2(1—=x), =z€][0,1],
u(t,0) =u(t,1) =0, te€l0,00).
Prove
(1) w is non-negative.

(2) u decays to 0 uniformly as time goes to infinity. (Hints: show that u(t,z) <
z(1—xz)e™t.)

Exercise 5 (2 points). Let u € C*2((0,7) x R) N C([0,T] x R) be the solution to
the following problems,

(5.1) ur(t, ) — uge(t,2) =0, (t,2) € (0,T) x R,
(5.2) u(0,z) = ¢(z), = €R,

and there exists two constants ¢, C' > 0 such that

(5.3) lu(t, )| < Ce™,  (t,x) € (0,T) x R.
Prove

(1) w is the unique solution to the Cauchy problem (5.1), (5.2) satifying (5.3)
and
sup |u| <sup|g.
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(2) Denote
o0

dk(p(t) x2k‘

t =

it, @) kz:o dtk (2k)!
where )

e @2, t>0,

t =
(1) {07 <o,

then w + @ is a solution to the Cauchy problem (5.1), (5.2).



